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Abstract
The influence of in- and out- of plane constraints on the behaviour of a crack under mode I loading conditions
is studied. The independence of the stress intensity tensor, with respect to the specimen thickness B shows that
under loss of constraint conditions higher order members of the Williams’ tensor expansion must be considered if
the experimental results for increasing apparent fracture toughness resulting from decreasing specimen thickness
are to be explained. This is achieved using the constraint curves that define the intensity field tensor along the
crack propagation direction and can be alternative to the T-stress approach. This approach is then applied to crack
instability assessment for program compact tension (CT — positive values of T-stress) and three point bending
(3PB — from negative to positive values of T-stress) specimens with different thicknesses. The theoretical results
are compared with experimental ones obtained from the research program on aluminium alloy 2024.
c© 2013 University of West Bohemia. All rights reserved.
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1. Introduction
The character of the stress fields near the crack front has been extensively studied for years [17].
The classical linear elastic fracture mechanics approach stems from the influence of the singu-
lar term of the asymptotic expression, determined by its amplitude, or stress intensity factor
(SIF, [8]). More accurate two-parameter approaches such as SIF — T-stress [1] or SIF — Tzz
in thin elastic plates [7, 14] have been developed to describe the stress field in the vicinity of
the crack tip. Such approaches have been applied successfully in engineering fracture design
though they are unable to describe the effect of the out-of-plane constraint on the crack-tip field
and the fracture toughness. In fact, it is well known that the fracture toughness highly depends
on the thickness of the test specimen, so that considering variable fracture toughness, according
to the 3D out-of-plane stress level, is inconceivable in practical engineering applications.
The 3D crack-front fields have been studied by different authors [9, 10, 13], as have the
effect of Tzz on the 3D crack front fields and fracture toughness [7], proving their application to
fracture and fatigue problems.
In particular, the importance of the stress intensity tensor is acknowledged. The effect of in-
and out-of-plane constraint is investigated on the basis of previous analytical and numerical re-
sults [3–6,11,12] supported by a tensor approach based on the Williams’ tensor expansion [17].
Apparently, increasing fracture toughness resulting from decreasing specimen thickness can be
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explained. The main aim of this work is to investigate the influence of specimen thicknesses on
the values of the fracture mechanical parameters using constraint local fracture mechanics. This
approach is then applied to crack instability assessment for program compact tension (CT —
positive values of T -stress) and three point bending (3PB — from negative to positive values of
T -stress) specimens made from aluminium alloy 2024 with different thicknesses to explain the
change of Al 2024 fracture toughness values obtained from the experiment.
2. Tensor description at the crack front
In the following the general expression of the stress field in the proximity of the crack front is
derived using a tensor description particularized for the case of pure mode I (the crack propa-
gates in x direction, θcr = 0). It comprises the definition of the following magnitudes related to
the stress fields σij(r, θ, z;B) in front of the crack front, see Fig. 1.
Fig. 1. Crack front and associated coordinate systems (Cartesian and polar)
1. Stress intensity field tensor:
φij(r, θ, z;B) =
√
2πr σij(r, θ, z;B). (1)
2. Spatial stress intensity tensor:
k∗ij(θ, z;B) = lim
r→0
φij(r, θ, z;B) = lim
r→0
√
2πr σij(r, θ, z;B). (2)
3. Stress intensity tensor:
kij(z;B) = k
∗
ij(θ, z;B)|θ=0 = lim
r→0
√
2πr σij(r, θ, z;B)|θ=0. (3)
4. Spatial constraint tensor, defined as that corresponding to the second term of the Williams’
expansion:
t∗ij(θ, z;B) = lim
r→0
√
2πr σij(r, θ, z;B)−
k∗ij√
2πr
. (4)
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5. Constraint tensor:
tij(z;B) = t
∗
ij(θ, z;B)|θ=0 = lim
r→0
[
σij(r, θ, z;B)−
k∗ij√
2πr
]
|θ=0. (5)
6. Constraint function:
ψij(r, θ, z;B) =
k∗ij(θ, z;B)√
2π
r−1/2 + t∗ij(θ, z;B) r
0 + Oij(r, θ, z;B). (6)
Using the equations (2) and (4), the stress tensor σij in the proximity of a straight crack tip in
a plane normal to the crack front at the point (r, θ, z;B) for a given specimen thickness B, see
Fig. 1, can be expressed in polar coordinates as the Williams’ expansion:
σij(r, θ, z;B) =
k∗ij(θ, z;B)√
2π
r−1/2 + t∗ij(θ, z;B) r
0 + Oij(r
1/2, θ, z;B), (7)
where Oij represents the remaining higher order terms as a function of the polar coordinates
r, θ, z and the thickness B.
For the Cartesian system in Fig. 1, the stress intensity tensor kij for a specimen of the
thickness B at the mid-plane under mode I loading (θcr = 0) is invariably given by:
kij(z;B) =
⎛
⎝ KI(z;B) 0 00 KI(z;B) 0
0 0 2νKI(z;B)
⎞
⎠ = KI(z;B)
⎛
⎝ 1 0 00 1 0
0 0 2ν
⎞
⎠ . (8)
The tensor tij for a specimen of the thickness B in the proximity of the crack front, not close to
the crack edge, under mode I loading (θcr = 0) is given by
tij(z;B) =
⎛
⎝txx(z;B) 0 00 0 0
0 0 tzz(z;B)
⎞
⎠ =
⎛
⎝T (z;B) 0 00 0 0
0 0 Eεzz(z;B) + νT (z;B)
⎞
⎠ . (9)
By identifying (8)–(9) with the conventional formulation of the Williams’ expansion for the
case of mode I, k∗ij can be expressed in terms of KI and tij can be expressed in term of T-stress:
kij(θ, z;B) = KI(z;B)f
(K)
ij (θ),
tij(θ, z;B) = T (z;B)f
(T )
ij (θ),
(10)
where KI is the stress intensity factor for mode I and T is the classical T -stress and fij(θ) are
geometric functions with super index (T ) or (K) referred, respectively. See more in [3–6].
3. Experimental program and its results
In order to verify the suitability of the tensor description of the stress field, an experimental
program was launched.
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3.1. Specimens and methods
For this purpose, three point bending (3PB, see schematic diagram in Fig. 5) and compact
tension (CT, see schematic diagram in Fig. 6) specimens made of aluminium alloy 2024 with
different thicknesses (B = 5 mm and 20 mm) and different crack length ratios a/W ∈ (0.2; 0.7)
were tested (more than 30 specimens). The specimen width was W = 50 mm in all cases. The
material parameter KIC (fracture toughness) was determined according to the British standard
method [2] and ASTM E1820 [15].
First, the specimens were notched in different notch lengths and thereafter they were cycli-
cally loaded until approximately 5 mm pre-crack was achieved. After the test the total crack
length was measured and the corresponding ratio a/W was calculated. The crack surface of
the fractured specimens is shown in Fig. 2. There are three parts of the surface: i) notch sur-
face, ii) fatigue pre-crack surface and iii) brittle surface. The left and right parts of Fig. 2
show the typical specimen surfaces after the measurement for B = 20 mm and 5 mm, respec-
tively.
Fig. 2. Crack surfaces of specimens for various ratios a/W after failure for thicknesses B = 20 mm
(left) and 5 mm (right)
3.2. Experimental results
For the used material Al 2024, the experimental results are indicated below. The obtained results
are presented by values of the fracture toughness KIC (for mode I) that is divided by KICnorm
(the value for fracture toughness for plane strain condition B →∞).
The ratios of fracture toughness for the 3PB and CT specimens (see Figs. 5 and 6, respec-
tively) with various thicknesses B (5 mm and 20 mm) KIC, is determined for the various total
crack length ratios a/W ∈ (0.2; 0.7), see Figs. 3 and 4.
The experimentally obtained results for 3PB specimen are shown in Fig. 3. The thin spec-
imens (B = 5 mm) provide fracture toughness KIC values higher in the first part of interval
a/W ∈ (0.2; 0.4) than those provided by wide specimens (B = 20 mm). The remaining part of
both curves a/W ∈ (0.5; 0.8) are similar.
The results for CT specimens are shown in Fig. 4. For thin specimens (thickness B =
5 mm), the values of fracture toughness KIC are higher in the whole interval a/W ∈ (0.2; 0.8)
than those provided by wide specimens (thickness B = 20 mm).
In the following the experimental results are correlated with constraint characteristics.
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Fig. 3. Dependence of KIC/KICnorm with respect to a/W determined for three point bending specimen
Fig. 4. Dependence of KIC/KICnorm with respect to a/W determined for compact tension specimen
4. Numerical calculation and its results
With the aim of checking the validity of the preceding theoretical derivations and experimental
results, linear elastic numerical calculations were performed for material parameters Al 2024
using the finite element code ANSYS.
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4.1. Numerical models
The numerical models were in line with the experimental program prepared for two basic ge-
ometries: three points bend (3PB) (see Fig. 4) and compact tension (CT) specimens (see Fig. 5)
with different crack ratios a/W = 0.2; 0.41 and 0.7. The ratio a/W = 0.41 has been selected
because there is for 3PB specimen the value of T-stress equals 0 for 2D solution. The rank
of specimen thicknesses were extended about the thickness B = 2 mm to cover theoretically
possible slim specimens, so the values of thicknesses B = {2, 5, 20}mm were used for numer-
ical study. The crack ratios a/W were selected to cover all cases of constraint level for 3PB
specimen that is valid for 2D solution (T < 0, T = 0, T > 0).
A homogenous linear elastic material model with the Young’s modulus E = 0.72 GPa and
the Poisson’s ratio ν = 0.34 was taken into account (the material parameters corresponding to
Al 2024).
The Fig. 5 shows a schematic diagram of the 3PB model, the used dimensions and its bound-
ary conditions. The Fig. 6 shows schematic diagram of the CT model, the used dimensions and
its load.
Fig. 5. Schematic diagram of three points bend specimen (3PB)
Fig. 6. Schematic diagram of compact tension specimen (CT)
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4.2. Numerical results
a) Validation of presented model
As the first step, the 2D numerical models presented for the assessment of the fracture me-
chanics parameters were compared with the data published in [16] for the 2D solution. As the
second step, the numerical models were extended to 3D and the Poisson’s ratio ν = 0 was used
for the basic validation of this 3D model.
b) Numerical results for 3D models
The aim of this work is to find a correlation between the experiment results (see section 3) and
the parameters describing the stress field in front of the crack. To that end, in this section 3PB
and CT numerical models with various thicknesses are studied. The values of loading P corre-
sponding to KICnorm (the fracture toughness of Al 2024 for plane strain condition B →∞) were
estimated as functions of the ratio a/W and were used for KI estimation from 3D calibration
curves. Theoretically, the same stress fields around the crack tip should be obtained.
As representatives’ parameters from the Williams’ tensor description curves of KI, Txx, εzz
and Tzz, were selected; see section 2.
As the first parameters, the stress intensity factors estimated for various specimen thick-
nesses are shown in Fig. 7. The dependence of KI with respect to the thickness B is dominant
Fig. 7. Change of the values of the stress intensity factors (KI/KICnorm) along the 3PB and CT speci-
men’s thickness
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for the change of values for both cases 3PB and CT specimens. For the infinity thickness, the
value will be equal to 1. The influence of the relative crack length (a/W ) on the values of KI is
not apparent.
The shapes of the curves of the second parameter, the Txx-stress, significantly depend on
the specimen thickness, as shown in Fig. 8. The value of Txx grows as the specimen thickness
decreases. The difference between the two dimensional (plane strain, B → ∞) and three di-
mensional solutions, especially for the thin structures, is essential. According to the results ob-
tained, we can say that the parameter characterizing the constraint (Txx) is much more sensitive
to the effect of the free surface than the stress intensity factor values and the two dimensional
solution of the Txx can lead to significant discrepancies in comparison with the 3D solution that
is more close to reality. Especially for the relative crack length a/W = 0.2 in Fig. 8. For 3PB
specimen, according to the 2D solution, there is a negative value of the Txx, but for the 3D
solution the value of Txx is positive.
Fig. 8. Change of the values of T -stress (xx) along the 3PB and CT specimen’s thickness
For determining the second parameter Tzz of the Williams’ tensor description, the knowl-
edge of the εzz values is required, see eq. (9). The values of out of plane strain εzz are shown
in Fig. 9. The curves of εzz are plotted as functions of the specimen thickness B. The results
for the different specimen thicknesses corroborate that the out of plane strain εzz is not zero as
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Fig. 9. Change of the values of εzz along the 3PB and CT specimen’s thickness
supposed in the 2D solution. The εzz curves tend to zero when the specimen thickness is going
to infinity (B → ∞). The trend of both εzz curves for 3PB and CT specimens is the same due
mainly to the influence of the specimen thickness.
As the second parameter of the Williams’ tensor description, the change of Tzz is shown in
Fig. 9. According to theory the values of Tzz for the thickness B →∞ tends towards zero. For
decreasing values of thickness B the effect of the out of plane constraint increases.
It follows from the performed calculations that the in-plane and the out-of-plane constraint
effects mix in 3D cases and that the elastic crack front fields become much more complicated
than the 2D one. Two common types of fracture test specimens were examined: 3PB and CT
specimens. These specimens represent two typical loading configurations in fracture analyses.
To find out the characteristic effects of the specimen thickness, we experimentally tested dif-
ferent thicknesses of both specimen types in the present paper. The trend of the experimental
results can be attributed to different level of constraint in both cases.
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Fig. 10. Change of the values of Tzz along the 3PB and CT specimen’s thickness
5. Conclusion
The results from the numerical solution and the experimental program are presented. These
results were obtained for Al 2024 specimens. Two different geometries (3PB and CT) and two
different thicknesses (B = 20 mm and 5 mm) were used. The following conclusions can be
made:
• To explain the dependence of KIC values on specimen thickness, the constraint charac-
teristics (in- and out-of-plane) have to be used.
• Moreover, especially for thin specimens with B < 5 mm, the numerical support for
experiment has to be done on the base of a 3D model.
• The experimental results support the analytical derivations found by using the tensor ap-
proach.
• The trend of the resulting KIC curves for different a/W values can be attributed to simul-
taneous influence of both Txx and Tzz stresses.
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• Further calculations are envisaged to analyse the stress relations in the state after, partic-
ularly in what concerns the constraint evolution during the crack growth process.
• The analytical derivations and the numerical calculations prove the utility of the tensor
approach proposed in this work.
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